We apply the Ordered Weighted Averaging (OWA) operator in multi-criteria decisionmaking. To satisfy different kinds of uncertainty, measure based dominance has been presented to gain the order of different criterion. However, this idea has not been applied in fuzzy system until now. In this paper, we focus on the situation where the linguistic satisfactions are fuzzy measures instead of the exact values. We review the concept of OWA operator and discuss the order mechanism of fuzzy number. Then we combine with measure-based dominance to give an overall score of each alternatives. An example is illustrated to show the whole procedure.
Introduction
How to make a proper decision to satisfy multi-criteria has attracted much attention over the last few years [1] [2] [3] [4] [5] [6] . Using OWA operator is always considered to be an efficient approach to aggregate the degree of satisfactory in individual criteria, thus offering a measure to order a collection of alternatives and choose the most satisfactory of it [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . OWA operator has been widely used in many applications such as decision analysis [17] [18] [19] , fuzzy logical control [20, 21] , expert system [22] and so on. A lot of research has been done on combining OWA operator with decision making. Yager has presented a measure based dominance which can order the uncertain criteria satisfactions and thus utilizing OWA operator to make the best decision [8] . Here, we further promote this method to fuzzy system, where the linguistic satisfactions are all fuzzy measures.
There are decision situations where the information cannot be evaluated precisely in a quantitative measure but may be in a qualitative one. For example, we may assess some criteria of the alternatives in linguistic terms such as "perfect" or "bad". It is inappropriate to set "perfect" as 1 and "bad" as 0 precisely. As a result, we transform the linguistic terms to fuzzy numbers due to the flexible framework which allows us to represent the information in a more adequate way. Since linguistic fuzzy satisfactions can be integrated into the expert system, and the generalization ability is not largely affected by the data, our proposed method is more universal and more consistent with the real world.
Literature review
In this subsection, we review some related work about decision making.
Many approaches has been applied to make decision for alternative suppliers' evaluation and selection [23] . Data envelopment analysis is often used in industry to measure the efficiencies the performance of alternative suppliers [24] [25] [26] [27] , sometimes from both quantitative and qualitative aspects. Mathematical programming is also formulated to evaluate criteria, such as linear programming [2, 28, 29] , goal programming [3] and multi-objective programming [4, 30] . Analytic hierarchy process is a popular method to deal with the selection problem [31] [32] [33] [34] [35] . Besides, there are a few applications building the model based on fuzzy set theory to deal with the problem [36] [37] [38] [39] [40] . Lots of other mechanisms which have the similar function will not be listed here [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] . All of these methods can be integrated to help decision maker select the best supplier.
Typically, for multi-criteria decision making, many novel thoughts are emerged, which are either evaluating the performance of the alternatives with respect to the criteria or finding the importance (weight) of the criteria. Ye and Jun took into account the unknown degree of interval-valued intuitionistic fuzzy sets to overcome the difficult decision of existing accuracy functions to the alternatives [55] . Triantaphyllou and Sanchez tried to perform sensitivity analysis on the weights of the decision criteria [56] . Liu and Wang defined an evaluation function to measure the satisfactory degree to decision maker in intuitionistic fuzzy environment [57] . Yu et al. proposed two hesitant fuzzy linguistic harmonic averaging operators to solve the fuzzy linguistic decision making problem [58] . Tan and Chen applied fuzzy Choquet integral to aggregate criteria [59] , which is also discussed by Yager [60] . Yager also put forward possibilistic exceedance function and measure-based dominance to give a dominance relationship in uncertain decision making [61] . Bordogna et al. used OWA operator to consider multi-person decision problem in a linguistic context [62] . Jiang and Wei proposed an intuitionistic fuzzy evidential power average aggregation operator, which both considers the uncertainty and aggregates the original intuitionistic fuzzy numbers to make a more reasonable decision [63] .
Organisation
The paper is organized as follows. We first review the concept and properties of OWA operator in Section 2. How to make a proper order for fuzzy number has been discussed in Section 3. Section 4 presents the dominance ordering method in multi-criteria decision making with uncertain satisfaction for OWA aggregation. An example is illustrated in section 5. Finally, this paper is concluded in section 6.
OWA aggregation
Ordered Weighted Averaging (OWA) operator, first introduced by Yager in 1988, is focus on aggregating multi-criteria to form an overall decision function. Definition: OWA operator. Assume a mapping OW A from R n → R, we say that OW A is an OWA operator of dimension n if it satisfies the following properties.
(
n j=1 w j = 1. (4) b j is the jth largest elements in (a 1 , a 2 , . . . , a n ). We can easily see that OWA operator has the following characteristics. Theorem 1: Monotonicity. Suppose there are any two of vectors (a 1 , a 2 , . . . , a n ) and a 1 , a 2 , . . . , a n ), we can get
One of the advantages of OWA operator is that it provide a parameterized procedure for combining weight with criteria. All we need to consider is a rational ordering of the arguments. There are mainly three kinds of ways to calculate the weights, which are decision maker's non-subjective preference algorithm, decision maker's subjective preference algorithm and fuzzy semantic quantization algorithm.
Here we mainly focus on the third algorithm [64] . Drawing upon Zadeh's concept of linguistic quantifiers [65] , Yager came up with monotonic type quantifier Q as function [64] . Furthermore he presented that the weights can be gained from w j = Q(
Function Q can be related to linguistic terms, which is crucially important when it comes to fuzzy system. In this case all of the arguments have equal importance. If every arguments a i have different importance weights λ i , then we can get the weights for [66] .
Ordering of triangular fuzzy number
Fuzzy number, first introduced by Zadeh in 1965, has applied in many domains to solve the uncertain circumstances problem [67] . There are many kinds of fuzzy number, such as triangular fuzzy number, trapezoidal fuzzy number and other generalized fuzzy number.
Definition: Generalized fuzzy number
In general, let A = (a, b, c, d; ω) be a fuzzy number, whose membership function can be defined as follows. Here we mainly focus on triangular fuzzy number, which is shown in figure 1 . We call A = (a, b, c) a triangular fuzzy number whose membership function is Since the real sets are linearly ordered, which is not the case for fuzzy set, how to compare two fuzzy number has always been debated. There are several approaches to give an order of fuzzy number, which generally fall under two main categories of either building a fuzzy-real sets mapping or defining a dominance relation of one fuzzy set over another. In the following subsections, we discuss 2 popular methods for ranking fuzzy numbers from different categories separately.
A fuzzy-real sets mapping: Centroid-based distance method
Here we only consider positive fuzzy numbers. Cheng suggested a centroid-based distance method for ranking fuzzy number, which utilizes the Euclidean distances from the origin to the centroid point of each fuzzy number to compare and rank the fuzzy numbers.
In [68] , Wang et al. proposed that the correct centroid formulae should be as follows:
where g
Since triangular fuzzy numbers are special cases of fuzzy numbers, for any triangular fuzzy number A = (a, b, c) with a piecewise linear membership function, its centroid can be determined by
Therefore, ranking fuzzy numbers can be transformed into ordering the centroid of fuzzy numbers.
A dominance relation of one fuzzy set over another: Lattice operators and inclusion index
Definition: The fuzzy lattices. In [69] , Klir and Yuan propose that we can order the fuzzy numbers by extending the real numbers lattice operations min and max to corresponding fuzzy lattice operation M IN and M AX, which is defined as follows. 
Similarly, for a continuous and finite set B and its membership function µ B ∈ [0, 1], the absolute cardinality can be formulated as Card(B) = |B| = x∈X µ B (x)dx with B ⊆ X. The inclusion index of continuous sets is
where T is a triangular norm and denote the standard fuzzy cardinal operator Card, µ E and µ F are the membership function of E and F . respectively. In [70] , Boulmakoul et al. introduced a novel ranking operator "≺", " " and " " for every fuzzy sets A and B by the following implications:
Such operator can provide a reasonable order of fuzzy numbers, which is a broad level of dominance relation.
Dominance ordering in multi-criteria decision making with uncertain satisfaction
Assume that there is a collection of criteria C = {C 1 , C 2 , . . . , C q } which need to be considered for decision maker. For a specific alternative x, using OWA operator we can calculate the whole satisfaction that
, where C k (x) is the satisfaction degree for criteria C k and C ρ(i) is the ith largest in C k (x).
In the following, we assume that Y = {y 1 , y 2 , . . . , y n } is the set of the criteria satisfaction values to decision maker. Each y i is a fuzzy number (a, b, c) with 0 ≤ a ≤ b ≤ c ≤ 1 and y j > y j−1 . Since criteria has some uncertainty, and there are numerous methods to assess the uncertainty information, in [8] Yager took into account three common cases: probability distribution, possibility distribution and interval values. Different cases has different types of uncertainty that need specific formulations to model the uncertainty information. [8] .
For any alternative x, in order to rank C ρ(i) , Yager introduced the concept of measure-based dominance [71] . Definition: Measure-based dominance. If H j = {y 1 , . . . , y j } is the subset of j largest elements in Y , then
Since > µD is a pairwise relationship, it has the properties of transitivity and completeness. As a result, the ordering of C k (x) can be obtained based on the relationship > µD . Thus we can calculate the OWA aggregation of the C k (x) that
In this case, µ is defined as a measure that aggregation µ ρ(j) for all j such that µ
However, there are situations such as µ 1 is the biggest in µ(H 1 ) and µ 2 is the biggest in µ(H 2 ) and µ 3 is the biggest in µ(H 3 ), thus we cannot find the complete dominance relationship for all distributions. To overcome this difficulty, in [71] Yager proposed a surrogate for dominance ordering based on the Choquet integral. M (µ k ) is defined as a surrogate for
can be seen as a set of weights of the y j . M (µ k ) contains two desirable properties:
is a fuzzy number due to y i . We have been discussed how to give a reasonable ordering of the fuzzy number in section 3, therefore we can get the dominance ordering of C ρ(i) .
For each alternative, we can get an overall score from the whole procedure of multi-criteria decision making with uncertain fuzzy satisfaction, which is shown in figure 2. Our final option is to choose the best alternative based on the scores.
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Example
An example is shown to illustrate our approach. Assume there are three criteria C = {C 1 , C 2 , C 3 }. Assume that there exists some uncertainty about our knowledge of the C k (x)'s. To be more specific, let's suppose that C 1 is a probability distribution P where Since our target is to satisfy "most" of the criteria, for alternative x, we have
where
is defined as quantifier Q to represent the degree of "most".
Then, we can get w 1 = (
Here we correspond linguistic satisfactions {perfect, large, moderate, small, none} to triangular fuzzy numbers. To be more specific, we define the correlation as follows.
Perfect For C 1 (x), we have a probability measure µ 1 :
For C 2 (x), we have a possibility measure µ 2 :
For C 3 (x), we have a certain measure µ 3 with µ 3 (A) = 1 if y 3 ∈ A and µ 3 (A) = 0 if
Define H j = {y 1 , y 2 , . . . , y j } and we can obtain Table 1 . The first step is to decide whether an ordering of µ k (H j ) can satisfy dominance, meaning that for each j the ordering of µ k (H j ) has to be the same. It turns out that our situation does not fit dominance, because µ 2 is bigger for j=1, µ 1 is bigger for j=3 and µ 3 is bigger for j=4. To order the C k (x), we need to use surrogate formulas M (µ k ) = Table 2 : Table 2 .
Here then M ( µ k ) = There are lots of methods to order the fuzzy number. Here we calculate the fuzzy centroid to order the fuzzy numbers. The fuzzy centroid is defined as
, where the fuzzy number is A = (a, b, c) . Thus, the fuzzy centroid for k=1-3 is that x 0 (µ 1 ) = 0.458, 
Therefore, for j=1-5, we can get µ x (H j ) based on Table 1 and formula 13. µ x (H 1 ) = 0.044, µ x (H 2 ) = 0.066, µ x (H 3 ) = 0.187, µ x (H 4 ) = 0.648, µ x (H 5 ) = 0.055
Here the D(x) = µ x is an OWA aggregation where µ x is a measure on Y , representing the aggregation of multi-criteria with fuzzy satisfaction of alternative x. In a real world, we will have to select the most satisfactory choice from a collection of possible alternatives X = {x 1 , . . . , x i , . . . , x N }. Using the previous procedure we can gain D(x i ) = µ x i for each µ x i . Then our final choice x * has the largest D(x * ). We still need to use dominance relationship to order µ x i , trying to find whether there is one µ x i dominating all the others. If so, such x i is our final alternative. If not, we need to use the surrogate method and calculate M (µ x i ) = n j=1 (µ x i (H j ) − µ x i (H j−1 ))y j for each µ x i . Then we can order x i using M (µ x i ) and thus choosing the best alternative.
Conclusion
This paper promotes the OWA aggregation of multi-criteria with mixed uncertain satisfactions in linguistic fuzzy measures. We first review the Ordered Weighed Averaging (OWA) operator and the fuzzy number. Then we discuss the mechanisms to rank the fuzzy numbers rationally. To aggregate the multi-criteria, we utilize measure-based dominance and a surrogate for dominance to gain the order of the uncertain arguments. Finally, we provide the whole procedure of the approach and present an example to illustrate it.
